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SUMS OF DILATES IN ORDERED GROUPS
ALAIN PLAGNE AND SALVATORE TRINGALI
Abstract. We address the “sums of dilates problem” by looking for non-trivial
lower bounds on sumsets of the form k · X + l · X , where k and l are non-zero
integers and X is a subset of a possibly non-abelian group G (written additively).
In particular, we investigate the extension of some results so far known only for the
integers to the context of torsion-free or linearly orderable groups, either abelian
or not.
1. Introduction
One of the main problems in additive combinatorics is to derive non-trivial bounds
on the cardinality ofMinkowski sumsets (usually called just sumsets), see [22, Chap-
ter 1] for the basic terminology and notation. In this respect, the inequality:
|X + Y | ≥ |X|+ |Y | − 1, (1)
where X and Y are non-empty subsets of the additive group of the integers, serves
as a cornerstone and suggests at least two possible directions of research:
(i) extending (1) to broader contexts, e.g. more general groups or possibly non-
cancellative semigroups (abelian or not), see [30] and references therein;
(ii) improving (1) for special pairs of sets (X, Y ).
Having this in mind, let G be a fixed group, which needs not be abelian, but we
write additively (unless a statement to the contrary is made). For X a subset of G
and k an integer, we define
k ·X = {kx : x ∈ X},
and we call k · X a dilate of X (we use X ·k in place of k · X when G is written
multiplicatively).
The present paper is focused on some aspects of the following problem, which we
refer to as the sums of dilates problem: Given integers k and l, find the minimal
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possible cardinality of a sumset of the form k ·X + l ·X in terms of the cardinality
of X or, equivalently, find a best possible lower bound for |k · X + l · X|. As far
as we are aware, the study of this problem started about a decade ago, and until
recent years it was mainly concerned with the case of (Z,+).
Specifically, early contributions to this subject date back at least to 2002, when
Hamidoune and the first-named author obtained, as a by-product of an extension
of Freiman’s 3k − 3 theorem, the following elementary estimate, valid for any non-
empty set X ⊆ Z and any integer k with |k| ≥ 2, see [14] and references therein:
|X + k ·X| ≥ 3|X| − 2. (2)
This result was refined by Nathanson [23], who showed that
|k ·X + l ·X| ≥
7
2
|X| − 3 (3)
for any pair of positive coprime integers (k, l), at least one of which is ≥ 3. Notice
here that there is no loss of generality in assuming that k and l are coprime, since
replacing X with a set of the form a ·X + b, where a and b are integers and a 6= 0,
does not change the cardinality of the left- and right-hand sides of (3).
The case (k, l) = (1, 3) was then completely settled in [7] by Cilleruelo, Silva and
Vinuesa, who established that
|X + 3 ·X| ≥ 4|X| − 4, (4)
and determined the cases in which (4) is an equality. In the same paper, the authors
prove the inverse theorem that |X + 2 ·X| = 3|X| − 2 holds if and only if X is an
arithmetic progression.
On another hand, the general problem of estimating the size of a sum of any finite
number of dilates was considered in 2007 by Bukh [5], who showed that
|k1 ·X + · · ·+ kn ·X| ≥ (|k1|+ · · ·+ |kn|)|X| − o(|X|) (5)
for any non-empty set X ⊆ Z and coprime integers k1, . . . , kn. It has been since then
conjectured that the bound (5) can be actually improved to the effect of replacing
the term o(|X|) with an absolute constant depending only on k1, . . . , kn.
Together with applications of Bukh’s results to the study of sum-product phe-
nomena in finite fields [13], the above has motivated an increasing interest in the
topic and led to a number of publications. In particular, Cilleruelo, Hamidoune and
Serra proved in [6] that if k is a (positive) prime and |X| ≥ 3(k − 1)3(k − 2)! then
|X + k ·X| ≥ (1 + k)|X| −
⌈
k(k + 2)
4
⌉
, (6)
and they also determined all cases where (6) holds as an equality. This in turn
supports the conjecture, first suggested in [7], that (6) is true for any positive integer
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k, provided that |X| is sufficiently large. Likewise, Hamidoune and Rue´ showed in
[15] that |2 ·X + k ·X| ≥ (2 + k)|X| − 4kk−1 if k is again a prime, and in fact
|2 ·X + k ·X| ≥ (2 + k)|X| − k2 − k + 2
if |X| > 8kk.
In cases where the previous bounds do not apply, weaker but nontrivial estimates
can however be obtained. For instance, Freiman, Herzog, Longobardi, Maj and
Stanchescu [11] have recently improved (4) by establishing that
|X + k ·X| ≥ 4|X| − 4
for any k ≥ 3. In the same paper, the authors prove various direct and inverse
theorems on sums of dilates in the integers which they use to obtain direct and
inverse theorems for sumsets in certain submonoids of Baumslag-Solitar groups [4],
that is two-generator one-relator groups defined by a presentation of the form
〈a, b | bamb−1 = an〉,
wherem and n are non-zero integers (throughout, as is usual, these and other finitely
presented groups are written multiplicatively).
Finally, even more recently, the case of (Z,+) was almost completely settled by
Balog and Shakan in [1], where it is proved that
|k ·X + l ·X| ≥ (k + l)|X| − (kl)(k+l−3)(k+l)+1
whenever k and l are coprime positive integers. Another preprint by Shakan [29]
gives, in particular, an extension of this result (where the ‘error term’ on the right-
hand side is a constant) to the case studied by Bukh of a general sum of dilates of
the form k1 ·X + · · ·+ kn ·X for which the coefficients ki are positive integers and
for 2 ≤ j ≤ n there exists an index 1 ≤ i < j such that gcd(ki, kj) = 1.
On another hand, as appears from the above historical overview (which is almost
exhaustive), very little has been done so far with regard to the problem of providing
non-trivial estimates for sums of dilates in groups different from (Z,+), especially
if non-abelian. A couple of exceptions are two recent papers focused on the case of
cyclic groups of prime order, namely [25] and [26], some results by Konyagin and
 Laba (see Section 3 of [19]) on sets of small doubling in linear spaces over the real
or the rational field, and a 2014 preprint by Balog and Shakan [2] on sums of dilates
in (Zn,+).
The present article fits in this context and investigates some questions related to
the extension of the inequality (2) to the setting of torsion-free or linearly orderable
groups, either abelian or not.
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2. Going beyond the integers
We say that an (additively written) group G is linearly orderable if there exists a
total order  on G such that x+ y ≺ x+ z and y+x ≺ z+x for all x, y, z ∈ G with
y ≺ z, in which case we refer to  as a linear order on G and to the pair (G,) as
a linearly ordered group.
Linearly orderable groups form a natural class of groups for the type of problems
studied in this article. E.g., they were considered by Freiman, Herzog, Longobardi
and Maj in [10] in reference to an extension of Freiman’s 3k− 3 theorem, and some
of their results were subsequently generalized by the second-named author to the
case of linearly orderable semigroups [31].
In continuation to [10], Freiman, Herzog, Longobardi, Maj, Stanchescu and the
first-named author have recently obtained, see [12], several new results on the struc-
ture of the subgroup generated by a small doubling subset of an ordered group
(abelian or not), together with various generalizations of Freiman’s 3k − 3 and
3k − 2 theorems.
The class of linearly orderable groups is closed under embeddings and direct prod-
ucts, and it notably includes torsion-free nilpotent groups (and so, in particular,
abelian torsion-free groups), as established by Iwasawa [17], Malcev [21] and Neu-
mann [24]; pure braid groups [28]; and free groups [17].
In the present context, linearly orderable groups serve as a basic generalization
of the additive group of the integers, in that (1) and its proof (which is essentially
based on the order structure of Z) can be immediately transposed. Indeed, if G is
a linearly orderable group and X and Y are non-empty subsets of G, then
|X + Y | ≥ |X|+ |Y | − 1. (7)
In fact, we know even more since Kemperman proved [18] that (7) remains true if
the ambient group is only supposed to be torsion-free. In particular, if k and l are
non-zero integers and X is a non-empty subset of a torsion-free (and in particular
linearly orderable) group, then
|k ·X + l ·X| ≥ 2|X| − 1. (8)
Based on this, we have the following result, which counts as an elementary gen-
eralization of (2) and serves as a starting point for the present work.
Theorem 1. Let G be a torsion-free abelian group and X be a non-empty finite
subset of G. Let k and l be non-zero integers with distinct absolute values. Then
|k ·X + l ·X| ≥ 3|X| − 2.
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Proof. Without loss of generality we assume that |l| > |k| ≥ 1, in particular |l| ≥ 2.
In the case when |X| = 1, the result is immediate, so let |X| ≥ 2 and define
k′ =
k
gcd(k, l)
and l′ =
l
gcd(k, l)
.
Clearly, k′ and l′ are non-zero integers with distinct absolute values and, G being
abelian, we have
|k ·X + l ·X| = |k′ · (X − g) + l′ · (X − g)|
for every g ∈ G. Therefore, we can assume without loss of generality that 0 belongs
to X , and k and l are coprime.
Furthermore, since X is finite and G is abelian and torsion-free, the subgroup
of G generated by X is isomorphic to some finite power of (Z,+). Hence, we can
as well suppose that X generates G = (Zn,+) for some integer n ≥ 1. We may
thus define the greatest common divisor of X , which is by definition the greatest
common divisor of the coordinates of the elements of X ⊆ Zn. If d = gcd X , we
obtain X ⊆ (d · Z)n. This implies Zn = 〈X〉 ⊆ (d · Z)n and thus d = 1.
Let now H be the subgroup of G generated by l ·X . One has H = 〈l ·X〉 ⊆ (l ·Z)n.
We may decompose k · X into its non-empty intersections with cosets modulo H .
Let g1, . . . , gq ∈ G be such that the cosets g1 +H, . . . , gq +H are pairwise disjoint
and the intersection Ki of k ·X with gi +H is non-empty. We obtain a partition of
k ·X in the form
k ·X =
q⋃
i=1
Ki.
From this, we infer
|k ·X + l ·X| =
q∑
i=1
|Ki + l ·X|. (9)
On another hand, since G is supposed to be equal to (Zn,+), it is linearly orderable
(e.g., by the natural lexicographic order induced by the usual order of the integers).
So, we get from (8) and (9) that
|k ·X + l ·X| ≥
q∑
i=1
(|Ki|+ |X| − 1) = (q + 1)|X| − q. (10)
Suppose that q = 1. Since 0 ∈ X , we would obtain k ·X ⊆ H ⊆ (l · Z)n. However,
since gcd(k, l) = 1, this would imply that X itself is included in (l · Z)n which in
turn gives that l divides gcdX = 1 and finally |l| = 1, a contradiction. Thus we
must have q ≥ 2, and (10) implies the claim. 
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It is natural to ask if Theorem 1 continues to hold even without the assumption
that the ambient group is abelian, and our next theorem shows that the answer to
this question is negative. Note that from this point on, unless a statement to the
contrary is made, we write groups multiplicatively whenever they are non-abelian.
Theorem 2. Let k and l be non-zero integers. There exist a torsion-free group G
and a 2-element subset X of G such that |X ·kX ·l| < 3|X| − 2.
Later on, we will discuss the extension of this result to a 3-element larger X , but
it seems extremely difficult to understand if this can be pushed further.
Nonabelian torsion-free groups are generally believed to enjoy better isoperimetric
inequalities than the abelian ones. There is, for instance, a conjecture by Freiman
stating that the inequality |2X| < 3|X| − 4 for a subset in a torsion-free group
implies that the subgroup generated by X is cyclic (and then the structure of X
can be recovered by Freiman’s 3k− 4 theorem). To our knowledge, the best general
inequality for torsion-free groups can be found in [3], where the main result implies
that, for any constant k one has |2X| ≥ 2|X|+ k provided that |X| is large enough
and not contained in a coset of a cyclic subgroup.
This may indicate that small sets are precisely not the ones where good estimates
will be found. However, an explicit example is given in [3] where
|X2| =
10
3
|X| −
13
3
,
which does not exclude finding arbitrarily large sets X with |X ·kX ·l| < 3|X| − 2 in
torsion-free groups.
Proof of Theorem 2. If k = −l, then the claim is straightforward by taking G equal
to the free group on the set {a, b} and X = {a, b}.
We therefore assume for the remainder of the proof that k 6= −l. A natural
place where to look for an answer is then the quotient group of the free group on
{a, b} by the normal subgroup generated by the relation akbl = bkal, namely the
two-generator one-relator group, denoted by Lk,l, with presentation
〈a, b | akbl = bkal〉.
In fact, by the defining relation of Lk,l we have that taking X = {a, b} yields
|X ·kX ·l| = |{ak+l, akbl, bk+l}| = 3 = 3|X| − 3.
Moreover, Lk,l is torsion-free, which follows from the fact that a one-relator group
has torsion if and only if the relator is a proper power of some other element in the
ambient free group, see Proposition 5.18 of [20].
So, we are left to check that the equation
akbla−lb−k = xt (11)
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has no solution for t an integer ≥ 2 and x an element in the free group constructed
on the set {a, b}. Suppose the contrary, and let x = xu11 · · ·x
un
n , where the ui
are non-zero integers and the xi belong to {a, b}, with x
−1
i 6= xi+1 6= xi for each
i = 1, . . . , n− 1. If yv11 · · · y
vm
m is the reduced form of x
t, then y1 = x1 and ym = xn.
Indeed, the positive power of a reduced word, say w, in a free group is a word which,
when reduced to its minimal form, starts and ends with the same letters as w. It
follows from (11) that x1 = a and xn = b, with the result that m = nt. Thus, we
get 4 = m ≥ 2t, which is possible only if n = t = 2. But this yields
akbla−lb−k = aubvaubv
for certain non-zero integers u and v. This implies both u = k and u = −l, which
is impossible since k 6= −l. 
As already mentioned, any linearly orderable group is torsion-free, but not vicev-
ersa, as is shown, for instance, by the two-generator one-relator group defined by
the presentation 〈a, b | a2 = b2〉, which is actually the fundamental group of the
Klein bottle, see Example 1.24 in [16].
The question therefore remains whether or not it is possible to give an extension
of Theorem 1 to the case where the group G is linearly orderable (and not just
torsion-free). Since we cannot decide whether or not the group Lk,l, used in the
proof above, is linearly orderable, Theorem 2 cannot be immediately extended to
linearly orderable groups.
However, the following theorem shows that the answer to this question is negative
too, and it represents the main contribution of the paper.
Theorem 3. Let k and l be positive integers. There then exist a linearly orderable
group G and a 2-element set X ⊆ G such that |k ·X + l ·X| < 3|X| − 2.
The proof is deferred to the next section. In Section 4, we make a first step in the
refinement of these results by passing from a 2-element to a 3-element set. At the
moment, our constructions do not allow for sets of cardinality larger than 3. This
leads us, in Section 5, to raise some questions in this direction.
3. Proof of Theorem 3
We start by recalling the following result by Iwasawa (namely, Lemma 1 in [17]),
which gives a practical characterization of orderable groups and will be used below
to construct the linearly orderable group (in fact, a semidirect product) required by
our proof of Theorem 3.
Lemma 1 (Iwasawa’s lemma). A group G is linearly orderable if and only if there
exists a subset P of G, referred to as a positive cone of G, such that:
(i) 1 /∈ P ,
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(ii) for each x ∈ G \ {1} either x ∈ P or x−1 ∈ P ,
(iii) for all x, y ∈ P , xy ∈ P , and
(iv) if x ∈ P then yxy−1 ∈ P for all y ∈ G.
Given two groups G and H and a homomorphism ϕ : H → Aut(G), we denote
as usual by G⋊ϕ H the semidirect product of G by H under ϕ, that is the (multi-
plicatively written) group with elements in the set G×H whose operation is defined
by
(g1, h1)(g2, h2) = (g1ϕh1(g2), h1h2)
for all g1, g2 ∈ G and h1, h2 ∈ H . We recall that the identity in G⋊ϕ H is the pair
(1, 1), while the inverse of an element (g, h) ∈ G⋊ϕ H is (ϕh−1(g
−1), h−1).
With this notation at hand, we have now the following lemma, which provides
a practical method for constructing a number of linearly orderable groups. This is
essentially a generalization of a result by Conrad (see the first few lines of Section
3 in [8]), where H is assumed to be a subgroup of Aut(G) and ϕ is the restriction
to H of the trivial automorphism on Aut(G), that is the identity of Aut(Aut(G)).
Lemma 2. Let (G,G) and (H,H) be linearly ordered groups, and let ϕ be a
homomorphism H → Aut(G). If ϕ is order-preserving, in the sense that 1 ≺ ϕh(g)
for all g ∈ G and h ∈ H with 1 ≺ g, then G⋊ϕ H is a linearly orderable group.
Proof. We define P as
P = {(g, h) ∈ G×H with either 1 ≺ h, or h = 1, 1 ≺ g}.
We shall prove that P is a positive cone of G⋊ϕH by checking the conditions (i)-(iv)
in the statement of Iwasawa’s lemma.
It is clear by construction that (1, 1) /∈ P , so (i) is immediate.
As for (ii), let (g, h) ∈ P and assume for a contradiction that its inverse (ϕh−1(g
−1), h−1)
is also in P . By the definition of P , (g, h) ∈ P implies that h must be larger than
or equal to 1. But our assumptions give 1  h−1, so we must have h = 1. It follows
that 1 ≺ g and 1 ≺ ϕh−1(g
−1) = ϕ1(g
−1) = g−1, a contradiction.
Then we come to (iii). Given (g1, h1), (g2, h2) ∈ P , we compute the product
(g1, h1)(g2, h2) = (g1ϕh1(g2), h1h2) and observe that this is still in P . Indeed, both
h1 and h2 are larger than or equal to 1, so does their product. If 1 ≺ h1h2, we are
done. Otherwise, we must have h1 = h2 = 1. In this case, g1ϕh1(g2) = g1g2, which
is larger than 1 since both 1 ≺ g1 and 1 ≺ g2, by the definition of P .
Finally, we prove (iv): if (g1, h1) ∈ G×H and (g2, h2) ∈ P , then
(g1, h1)(g2, h2)(g1, h1)
−1 = (g1, h1)(g2ϕh2h−11 (g
−1
1 ), h2h
−1
1 )
= (g1ϕh1(g2)ϕh1h2h−11 (g
−1
1 ), h1h2h
−1
1 ).
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If 1 ≺ h2, then 1 ≺ h1h2h
−1
1 and we are done. Otherwise, h2 = 1 and 1 ≺ g2, with
the result that
(g1, h1)(g2, h2)(g1, h1)
−1 = (g1ϕh1(g2)g
−1
1 , 1) ∈ P,
where we use that 1 ≺ ϕh1(g2) by the fact that ϕ is order-preserving.
Putting all together, we then have that P is a positive cone of G⋊ϕH , and thus
the claim follows from Iwasawa’s lemma. 
At this point, we need to introduce some more notation. Specifically, given a
subset S of R, we write E [S] for the additive subgroup of the real field generated by
numbers of the form αh such that α ∈ S and h ∈ Z. In the case when S consists of
a unique element, say α, we simply write E [α] for E [{α}]. If α is a positive integer,
we call E [α] the set of α-adic fractions, in that the elements of E [α] are explicitly
given by the rational fractions of the form h/αt for which h ∈ Z and t ∈ N.
Theorem 4. Let k be a positive integer and α a positive real number. Consider the
set
S =
{
αk
−i
for i = 0, 1, 2, . . .
}
and let ϕ be the homomorphism (E [k],+)→ Aut(E [S],+) taking a k-adic fraction u
to the automorphism x 7→ αux of (E [S],+). Finally, let G be the semidirect product
G = (E [S],+)⋊ϕ (E [k],+).
The following holds:
(i) G is a linearly orderable group.
(ii) Given an integer l ≥ k, there is a real number βk,l > 0 satisfying the equation
k+l∑
i=k+1
xi/k −
k∑
i=1
xi/k = 0.
Then, for α = βk,l we have
ek0e
l
1 = e
k
1e
l
0
where e0 = (α
1/k, 1/k) and e1 = (0, 1/k) are elements of G.
Proof. Let us first check that ϕu is well-defined as a function E [S] → E [S] for each
u ∈ E [k]. For, u being a k-adic fraction means that there exist h ∈ Z and t ∈ N
such that u = h/kt. Therefore, using that an element of E [S] is a real number of
the form
∑l
i=1 giα
hi/k
ti for certain gi, hi ∈ Z and ti ∈ N, we find that
ϕu(x) =
l∑
i=1
giα
h/kt+hi/kti =
l∑
i=1
giα
si/kri ∈ E [S],
9
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where ri = max(ti, t) and si is equal to the integer k
ri−th + kri−tihi. It follows
that ϕ is also well-defined as a homomorphism (E [k],+) → Aut(E [S],+). In fact,
ϕu+v = ϕu ◦ ϕv for all u, v ∈ E [k], and ϕu is bijective, its inverse being ϕ−u. Lastly,
for u ∈ E [k] and x, y ∈ E [S] we have ϕu(x + y) = ϕu(x) + ϕu(x), that is ϕu is a
homomorphism of (E [S],+).
(i) The claim follows at once from Lemma 2, considering that (E [S],+) can be
linearly ordered by the usual order of R and α > 0 implies that ϕu(x) = α
ux > 0
for each u ∈ E [k] and each positive x ∈ E [S].
(ii) Since the polynomial
P (x) =
k+l∑
i=k+1
xi −
k∑
i=1
xi
satisfies P (0) = 0, P ′(0) = −1 and P (x) → +∞ as x → +∞, it must have one or
more positive roots. Let βk,l be the k-th power of one of them, chosen arbitrarily.
A straightforward induction shows that for any positive integer j, we have
ej0 = (α
1/k + · · ·+ αj/k, j/k) and ej1 = (0, j/k),
whence we get, on the one hand,
ek0e
l
1 = (α
1/k + · · ·+ αk/k, 1)(0, l/k) = (α1/k + · · ·+ αk/k, 1 + l/k),
and on the other hand,
ek1e
l
0 = (0, 1)(α
1/k + · · ·+ αl/k, l/k) = (α1+1/k + · · ·+ α1+l/k, 1 + l/k).
Thus, ek0e
l
1 = e
k
1e
l
0 since α = βk,l satisfies P (α) = 0. 
Taking X = {e0, e1} in Theorem 4, we obtain a 2-element set such that
|X ·kX ·l| = 3 = 3|X| − 3.
Noticing that we can always reverse the roles of k and l, we thus have the following:
Corollary 1. Let k and l be positive integers. There exist a linearly orderable group
G and a set X ⊆ G of cardinality 2 such that |X ·kX ·l| = 3 = 3|X| − 3.
This result is enough to conclude our proof of Theorem 3.
4. Extending Theorem 3
Based on Theorem 3 it is somewhat natural to ask whether it is possible to
construct linearly orderable groups where to find sets X of any possible size such
that |k ·X + l ·X| < 3|X| − 2 for some non-zero integers k and l. In our final result,
we show that this is actually the case with a 3-element set.
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Theorem 5. Let k and r be positive integers, and let α be a positive real number.
Consider the set
S =
{
αk
−i
for i = 0, 1, 2, . . .
}
.
Define H to be the direct product of r copies of (E [S],+), and let
G = H ⋊ϕ (E [k],+),
where ϕ is the homomorphism (E [k],+) → Aut(H) sending a k-adic fraction u to
the automorphism (x1, . . . , xr) 7→ (α
ux1, . . . , α
uxr) of H. The following holds:
(i) G is a linearly orderable group.
(ii) Let ei denote, for i = 0, . . . , r, the (r + 1)-tuple of G whose (r + 1)-th com-
ponent is 1/k, whose i-th component is α1/k if i 6= 0, and all of whose other
components are zero. Moreover, let l be an integer ≥ k and assume α = βk,l,
where βk,l is defined as in Theorem 4, point (ii). Then,
eki e
l
j = e
k
j e
l
i
for all i, j = 0, 1, . . . , r, and hence
|X ·kX ·l| = 6 = 3|X| − 3
for r ≥ 2 and X = {e0, e1, e2}.
Proof. We should first check that ϕ is well-defined as a homomorphism from (E [k],+)
to Aut(H), but this boils down to the same kind of verification as in the proof of
Theorem 4, so we can move on.
(i) The group H can be linearly ordered by the natural lexicographic order on its
r components, and accordingly ϕ is order-preserving. Thus G is a linearly orderable
group by Lemma 2.
(ii) Denote by ψ the homomorphism (E [k],+) → Aut(E [S],+) taking an k-adic
fraction u to the automorphism x 7→ αux of (E [S],+). Then for each h = 1, . . . , r
let pih be the projection homomorphism
G→ (E [S],+)×ψ (E [k],+) : (x1, . . . , xr, u)→ (xh, u).
This is clearly a surjective homomorphism, and its restriction to the subgroup of G
consisting of those (r+1)-tuples (x1, . . . , xr, u) such that xj 6= 0 for some 1 ≤ j ≤ r
only if j = h is an isomorphism. Therefore, we find that two elements ξ and ζ of G
are equal if and only if
pih(ξ) = pih(ζ) for all h = 1, . . . , r.
With this in hand, fix i, j = 0, 1, . . . , r. We have to prove that elie
k
j = e
l
je
k
i . For, it
follows from the above that this is equivalent to
pih(ei)
lpih(ej)
k = pih(ej)
lpih(ei)
k
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for all h = 1, . . . , r (here we use that pih is a homomorphism), which in turn is
immediate by Theorem 4, since pih(ei) = pih(ej) = (α
1/k, 1/k) for i, j ≥ 1 and
pih(e0) = (0, 1/k). 
By considering the set X = {e0, e1, . . . , er−1} in Theorem 5, we obtain the follow-
ing corollary.
Corollary 2. Let k, l and r be positive integers. There exist a linearly orderable
group G and a set X ⊆ G with |X| = r such that |X ·kX ·l| =
(
r+1
2
)
.
The special case where r = 3 is of particular interest.
Corollary 3. Let k and l be positive integers. There exist a linearly orderable group
G and a set X ⊆ G with |X| = 3 such that |X ·kX ·l| = 6 = 3|X| − 3.
5. Some questions for further research
For a group G and non-zero integers k, l and r ≥ 1, let us denote by
χG(k, l, r)
the minimal possible cardinality of a sumset of the form X ·kX ·l for a set X ⊆ G
with |X| = r. Immediate bounds for this function are
r ≤ χG(k, l, r) ≤ r
2.
The lower inequality is in general sharp: it is enough to consider groups containing
a cyclic subgroup of order r. However, it can be improved in a number of cases by
using, for instance, a Kneser type or Cauchy-Davenport type theorem.
Based on the above, it is then natural to define, for G a given class of groups,
χG (k, l, r) = inf
G∈G
χG(k, l, r).
In this paper, we have especially investigated the case when G is either the class TF
of torsion-free groups, or the class LO of linearly orderable groups. Using LO ( TF,
(8) and the fact that (Z,+) is an element of LO yields
2r−1 ≤ χTF(k, l, r) ≤ χLO(k, l, r) ≤ χ(Z,+)(k, l, r) ≤ (|k|+ |l|)r−(|k|+ |l|−1). (12)
The last upper bound follows from considering X = {0, 1, . . . , r − 1}.
If |k| = |l| = 1, (12) is in fact a series of equalities. In any other case, we must
have |k| + |l| ≥ 3 and the upper bound we obtain from (12) is never better than
3r − 2. This bound is improved by Theorems 4 and 5 since these results, when
combined with equation (12), read as
χTF(k, l, 2) = χLO(k, l, 2) = 3 and 5 ≤ χTF(k, l, 3) ≤ χLO(k, l, 3) ≤ 6
for any positive integers k and l. Corollary 3 provides a quadratic bound in r
independent from k and l, namely r(r + 1)/2. But unfortunately, this is smaller
12
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than the linear upper bound in (12) only for small values of r. In particular, we get
a better bound than 3r − 2 only if r = 2 or 3.
Although the situation is clear for r = 2, even the question of which is the exact
value of χLO(k, l, 3) ∈ {5, 6} remains open. It is not difficult to see that the answer is
5 if and only if there exist a linearly orderable group G and elements x, y, z ∈ G such
that (i) x ≺ y ≺ z, (ii) xkyl = ykxl, (iii) xkzl = zkxl = yk+l, and (iv) ykzl = zkyl,
but this looks challenging to investigate even in the basic case, say, when k = 1 and
l = 2.
A related question is as follows: Let L(r) be the free group on r variables, say
x1, . . . , xr. We denote by L
(r)
k,l the quotient group of L
(r) by the normal subgroup
generated by the relations xki x
l
j = x
k
jx
l
i as i and j range in the interval {1, . . . , r}.
When r = 2, this is the two-generator one-relator group considered at the end of
Section 2. Are the L
(r)
k,l linearly orderable groups? Are they torsion-free? If r = 2,
one can see using von Dyck’s theorem (namely, Theorem 2.2.1 in [27]) that there
exists an epimorphism ϑ : L
(2)
k,l → G, the group constructed in Theorem 4, mapping
x1 to (α, 1) and x2 to (0, 1). We ask if ϑ is actually an isomorphism. If the answer
to this question were yes, this would imply that L
(2)
k,l is linearly orderable.
More generally, let R be a set of independent relations on the r variables of the
free group L(r), each being of the form
xki x
l
j = x
k
ux
l
v
where i, j, u and v belong to {1, . . . , r}. We denote by L
(r)
R
the quotient group of L(r)
by the normal subgroup generated by the set of relations R. How large can R be
if we require that L
(r)
R
is linearly orderable or torsion-free? Since each of the above
relations makes the cardinality of the sum X ·kX ·l, where X is the set {x1, . . . , xr},
decrease by one, looking for a large R is tightly related to having good upper bounds
on χTF(k, l, r) and χLO(k, l, r) and could help to understand the behaviour of these
functions.
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